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Abstract 

Let Q and /? be some bounded arithmetical functions and let c(n; a, j3) = 
a{k)/3{n — k). Using Fourier analysis, we give two different ways 
for evaluating F{x;a,l3) = X]^2 "''"^"'^^ ■ With those expressions, we 
further go on to prove 27^^(2J:)7^(a;) = \C{x + iy)\~^\r{x + iy)\''^{l - 
IC{x + iy))dy, where TZ{x) and JC{x + iy) are some analytic functions of a 
complex variable x in the half-plane > 1/2. From this formula, we go 
on to consider, instead of the factor which has the Dirichlet series 

representation 1/C(s) = ^ ^^r^ in the integral formula, another function 

Y{s) :— Yl where /ipp = zfi(n) if n is divisible by a prime po and 

fipg{n) = fJ.{n) otherwise, and z is some real number. This function has 
the same singularities as l/(^(s); indeed, it consists of 1/C(s) and some fac- 
tor which depends on the variables z and s. By introducing this function, 
we have an analogous integral formula; this time, the value of the factor 
of the integrand not including 1/C(s) can be varied somewhat freely by 
changing z. This technique allows us to prove the Riemann hypothesis. 

By a common sense that a man devotes what he believes is good to his loved 
one, I devote this paper to you, Izumi-chyan. 



1 Introduction 

The Riemann zeta function, customarily denoted by the Greek letter C, is defined 

by 



n—l 



As we can read in the 1859 paper of Bernard Riemann, one could reach the 
historical conjecture in the analytic theory of numbers, today widely known as 
the Riemann hypothesis on which this paper sets its objective, by applying the 
19th-century complex function theory developed by Augustin Louis Cauchy to 
the C-function. 
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The precise statement of the conjecture to be tackled is as follows. 
Conjecture 1. Each nonreal zero of the Riemann zeta function has the real 
part equal to 1/2. 

The main result, which is a proof of Conjecture [1] I am planning to present 
in this paper may be rather regarded as one falling within the 19th-century 
analytic number theory. That is, I do not use functional analysis and the theory 
of automorphic forms, which, in my opinion, are presently popular topics of the 
theory. Prerequisites for reading this paper are some classic analytic number 
theory and introductory Fourier analysis found in [1] and [3], respectively. 

Let us present an outline for how arguments proceed in the following sections, 
and how they lead to a proof of Conjecture [1] 

First, in Sections 3 and 4, we prove the integral formula (Proposition [C]) 

/oo 
\C{x + iy)r^(l - K.{x + iy))\T{x + iv)\'^dy. 
-oo 

Here, Tl{x) is some function which is analytic in the half-plane 5Rx > 1/2, and 
lC{x + iy) is a finite- valued function in the half-plane 5Ra; > 1/2. One may regard 
this integral formula as an evidence (but not yet a proof) supporting Conjecture 
[11 we may infer from the the above-mentioned properties of Tt{x) that all the 
Riemann zeros arc indeed located on the so-called critical line, for otherwise, 
the function TZ{x) should have a singularity at some point x' > 1/2. The reason 
the formula can not be a proof oi the conjecture is that the factor (1 — ]C{x + iy)) 
may cancell out a singularity of l/(^{x + it) at some point x' + iy' with x' > 1/2 
by 1 — IC{x' + iy') = 0, hence making the left side of the integral formula analytic 
in the half-plane ^x > 1/2. 

To overcome this difficulty, in Section 5, we consider another function 

oo / ^ 

Y(.s) = y 

n— 1 

where 

I /i(nj : otherwise 

as a factor in the integrand, instead of 1/C(s); in a quite similar manner as we 
got the above integral formula, we get 

/oo 
\Y{x + it)f{l - lC{x + iy; z))\r{x + iy)fdy, 

where TZ{x; z) is an analytic function of x in the half-plane > 1/2 for each 
fixed real number z; and lC{x + iy; z) is some analytic function of x for each 
fixed y and z, bounded entirely in real numbers y for each fixed > 1/2, 
and JC{x + iy; z) — o(l) as \z\ — )■ oo for each fixed x and uniformly in all real 
numbers y. Now, making IC{x + iy, z) as small as we please by making \z\ 
large, the integral function on the right would have a singularity at x' > 1/2 if 
the conjecture were false, while the left side would not, a contradiction which 
completes the proof of the Riemann hypothesis. 
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2 Notation 



I employ the following notation throughout the paper. 



c(n; a, f3) := X]fc=i a{k)/3{n - k); 
(/ * 9)iu) f{y)9{u - y)dy. 



Thence, we approach to Conjecture [T] via the following theorem. 

Theorem A. Let a and /? be some bounded arithmetical Junctions. Then we 

have 



The proof of Theorem lAl is as follows. 

Throughout the rest of the paper, we use the fact that Tx{t) is a rapidly 
decreasing function of t for each fixed a; > 0. That is, Tx{t) as a function of t 
is a member of the so-called Schwartz space. The proof of this proposition is 
rather a cumbersome exercise, so we only give a sketch of the proof here. 

The Gamma function, when written in a Fourier integral form, is given in 
(jl5p with m = 1. Now it is well-known that Fourier integral of a function 
belonging to the Schwartz space itself is a member of that space. Hence, we 
need only to show that the function Ex^i{t) belongs to the Schwartz space, which 
is a straightforward routine. 

This proposition allows us to use Fourier analysis in the way as performed 
in the discussion. 

Firstly, we prove 



3 Theorem A 




F2a;(0;u,w) 



1 



{V[u] *PM,r,)(o) 



(1) 



27rr(2a;) 



X > 1 



where u(n) := 1 for all n = 1, 2, . . . 
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If the series 

u(l)e"* + 'u(2)e"2* + u(3)e"^* + ■ • • 

are squared, we get 

c(2; u, u)e~^* + c(3; u, M)e"^* + c(4; u, 'u)e"'^* H . 

Now by definition we have 

c(n; u,u) — n — 1, 

and so 

oo 

[u{l)e-* + M(2)e~2* + M(3)e~3* + • ■ - J^ = ^(fc - l)e-'=*. 

fe=2 

On the relation 

r{x)— = / e-^h^~'dt, 

" -/o 

we multiply both sides by c(n; u, u), sum over all n = 2, 3, . . ., and get 

/•oo 

r,(2/)F,(y;M,u) = / L{t;u)L{t;u)t''+'y-^dt, x > 2, (2) 
Jo 

where 

oo 

L{t;u) ■=^u{n)e-"K 

n=l 

Here we note that the validty of interchanging integration and summation sym- 
bols which was performed for getting ^ can be shown without difficulty. In 
fact, pick y = 0. Then the integrand is a series of nonnegative terms. The rest 
of the details are left for the reader. (Use the fact P, pp. 36] that every series 
^ kn{x) of summable functions for which \ kn{x)\dx converges, converges 

itself almost everywhere to a summable function, and the series can be integrated 
term by term .) 

Next, we consider the following relation 

/>oo 

T,{y)V[uUy)= L{t;u)t-+'y-'dt, (3) 
Jo 

which can be obtained in a similar manner as above. Expressing the integral on 
the right of ([S]) as a Fourier integral by making the change of variable t = e^'^" , 
we have 

r,V[uUy) = T[H4t)]{y), (4) 

where 

H^{t) := 27rL(e2'^*;u)e2^*=^ 
Now using the Fourier inversion formula to we get 

T[T,V[uUy)]{-0 = H^iO (5) 
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Taking the square of ([S]), we have 

At this point, we recall a foundational result in Fourier anaylsis [3] that 

Using this equation in ([5]), we obtain 

T[iT,V[ul * T,V[ul)iy)]i-0 = 47r2L(e2-«; ^,)L(e2-?; u)e^^^-. (7) 
Taking the Fourier transform of ([7]), we get 

ir,V[uU^T,V[u],)iz)=T[An^L{e^<;u)L{e^-^;u)e^^^-] (z). (8) 

But 

poo 



and making the change of variable r = e^'^^ , we get 

/•CO 

J^[47r2L(e2^«;u)L(e2'^«;'a)e4^«^](z) = 27r / L[r;u)L{r:uy^-"-^ dr. (9) 



Putting z = in dHD, by (HI), dS]), and ®, the proof of ^ is completed. 

Secondly, we note that a more general case in which we put m 1— > a and 
u M- /3 in the above argument can be deduced from ([1]) and the boundedness of 
a and /3 easily. We omit the details. 

In what follows, a similar reason can be used in going from the w, u case to 
a general a, /? case. Hence we discuss by the general case. 

Thirdly, we prove 

F..(0;a,/3) = f (10) 



We give two proofs of (ITOl) . The first is of elementary nature; it is plain that 
([To]) would follow if we could show that for each given positive integer n > 1, 
there is one and only one positive integer to which satisfies 

TO 

Ml + 7i2 = n and — ^ n\. 

We omit the details for this as it is quite an easy exercise. 
The second uses the so-called multiplication formula 

POO 

J^[f]{t)g{t)dt = / f{t)T[g]{t)dt, (11) 
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valid under a certain decaying condition of / and g on the real line. 
By (P), we have 



1 f°° a{n) ^ /3(rn) ^ ^ , 



(12) 



Using the following well-known formula 



n" ^ — ' n 

n—l m—1 



valid under certain convergence conditions on the relevant series (for the precise 
statement of those conditions, see [1]), the series of the integrand is written as 

^ a{n) ^ P{m) _ ^ a{n)n-^y ^ p(m)m^y _ ^ Ed\n0^id)H'l) ^-'H^Y 

n—l m—1 n—l m—1 n—l 

Hence, the integral in (jl2p becomes, after interchanging the summation and 
integration symbols (that this operation is valid is clear by the proposition on 
Tx{y) mentioned in the Introduction), the sum 

•^-oon^l m=l 

' J \^[x + iy)\dy (14) 

n=l " 

n=l 

Now we analyze the following type of expression 

(77i\ ^y 
—j \T{x + iy)\'^dy = J n^''yT{x + iy)m}yT[x - iy)dy, m, n>l, 

using (fTTt as follows. An integral defintion of the F-function is 

/>oo 

T{x) / e^H^^^^dt, x>0. 
Jq 

For each a; > 0, making the change of variable t = mu, we have 

/•OO 

m^^F(a;) = / e-^^u^-^du. 
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We put it in the form of the Fourier integral by the change of variable 



u = e^^^] we get 



OO 



so that if we let a; H> a; — iy, we may put 

m-^+iyY{x - iy) = e['°s™l(-^+"j)r(j; - iy) 



(15) 
where 

Ex,m(t) := 27re e 

Similarly, we have 

n—'yr{x + ly) = T[E.,At)]{-y). (16) 
Now by (HU, (HSI, and (HH), we have 

poo poo 

(mn)~^ I [m / \V [x iy)\'^ dy — j {mn)~^{m/ny'^T{x iy)T{x — iy)dy 

T[E,,nm-y)T[E^x,mimy)dy 

) 



(17) 

where we used (|lll) in getting the last equality; choose / i-> J^[£'2;.„(t)](— ?/) 
and J^[g](y) M> J^[£'x.m(i)](2/) in ((TT|) . The integral on the extreme right side is 
rewritten as, with the change of variable u = e^'^*, 

/>oo 

ExAi)Ex,m{i)dt^ I (2^)2e-('"+")^"'e4^*-dt 

: (18) 



But 

r(2x) = / e-H^''~^dt, im + ny^^r{2x)^ I e-'^'"'+''H^''-^dt, 
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so that 



J -oo Jo 



oo 

g-(m+n)«y2x-l^y 

(19) 

= (m + n)-2^27rr(2a;). 



Combining pTl) . ((T5| . and together, we finahy get 
Lemma B. For any positive real numbers m,n,x > 0, we have 

The second proof of pH)) is now completed by chooseing m n- n and n cP 
in Lemma iBl and substituting the result in ([H)) . 

We will refer to Lemma [B] in the next section where we discuss what could 
be done on Conjecture [T] with Theorem [K\ 

4 Nontrivial zeros of the (^-function and 

Theorem A 

In this section, we shall prove 
Proposition C. For x > 1, we have 

/oo 
|C(x + ty)\-\l - JC{x + iy))\r{x + iy)fdy, 
-oo 

where TZ{s) and IC{s) are some finite-valued functions (precise expressions of 
these will appear shortly below) in the half-plane Re{s) > 1/2. 

The proof of Proposition [C] is as follows. 
Let fj,{n) be the Mobius function defined by 



fi{n) := 



(-1)'' : "=PjiPj2 •••Pjfc 
: otherwise. 



Choosing a = /3 = /i in Theorem 1X1 we have for x > 1, 

E E 7?^^27rr(2a;) = H |C(x + zyT'lTix + ^y)\^dy. (20) 

n=l d\n (a+ d) -^-"^ 

Now it is easy to see that by the definition of n, the series on the left of ([20|l 
is written as 

n=l !i|n n=LM^,\ii{L)\ = \fj,(AI)\ = l,{L,M) = l n=M,\fj,{M)\ = l 

(21) 
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Firstly, using the multiplicativity of /i, we get 

M^)m(^) _ 2ti{LmM)\ 

n=LM^d\LM^ "I —) L,M^ (22) 

where the symbol "/ is a reminder for how the summation should be taken, 
which is stated as follows; 

1. for each fixed A/^ > 1 with \ii{M)\ = 1, run through L > 1 with \ii{L)\ = 1 
and (M,L) = 1; 

2. M2 = 1 = L. 

These conditions are required not to sum up same terms on the right of ([2T 

/i(n)| = l n^^ ' 



Note that 7?.(a;) is bounded above by 2C(2a;) X]„2 |„(„-||^i ^^i"''^ ; for each fixed 



M > 1 with |m(M)| = 1, we have 

1 \^i{M)\ 



^i{L) \^i{M)\ 



^ (L+l)2^ 



< 



E 



n=l 



and summing through all > 1 with |/i(A/)| = 1, we get the bound for TZ{x). 
Secondly, 

CO ^ 

5227rr(2a;) = ^ /.(n) ^ ^_^27rr(2x). (23) 

"=1 d\n ("+ d) 

Choosing m t-> d, n i— > ^ in Lemma iBl we have 

poo -, 

/ d''yn—^y\Tix + iy)\^dy - -^2nr{2x). (24) 

J-oo (d+ii) 

Substituting ([HI) in dSSl), we have 



(25) 



H^(a; + iy)\T{x + z2/)rdy 



For each fixed y, the function h{n) :— X)d|n'^^*^ multiplicative. Hence the 
product fi{n)h{n) is also a multiplicative function. At this point, we recall the 
following identity of Euler W that if / is a multiplicative function, then we have 
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With (|26p . it is readily seen that 

m- + ^y)-Yl(^-^iTn^)■ (27) 



1 + 



The Euler product representation of W{x + iy) shows that W ^ for x > 1. 
Hence, we could take the logarithm of both sides of (P7| when x > 1, which is 



/ 1 + n'^'y 

logW{x + iy) ^ 2_^logil 



px+iy 

P ^ 

or with the well-known formula 

log(l -a;) = -2:-y-y + -- -, 

we may write 

log^(^ + *2/) = - E ^ - E i + + (28) 

p p 

where E(x + iy) is some function satisfying 



for each e > 0. Exponentiating back the equation we obtain 

exp{E{x + iy)). (29) 



W{x + *y) = cxp exp ^ 

Here we recall that 



^x+iy n^+iy 

SO that 

log(C(a; + i2/)-i) = , 



log(C(a; + z2/)-i) = - ^ ^ + G(x + »y), 
p 

where 

Thus exponentiating back, we have 

C(x + ly)-^ = exp I - V — - I exp(G(a; + iy)). (30) 
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Substituting in (HH), we get 

Wix + ty) = \ax + iy)\-^ICix + iy), (31) 

where 

IC{x + iy) := exp(i?(a: + iy) — G{x + iy) — G{x — iy))- 
Inserting (I5T|) in (1^ . we get 



S22-kT{2x)^ \C{x + iy)\-'-lC{x + iy)\V{x + iy)Ydy. (32) 

— OC 

Finally, by (HO]), (EJ), (US), and we have 

2TTT{2x)n{x) = / |C(x + iy)\-^{l - IC{x + lyWix + iy)\^dy, 



which is the proposition. 

Let us briefly discuss what can be inferred from Proposition [Cl 
As a corollary to Proposition [C] we briefly show 

Corollary 1. // there exists only one nontrivial zero po — Xq + itq of the 
Riemann (^-function on the upper right half-plane x > 1/2, then the function 
K.{x + it), as defined above, satisfies 1 — lC{pa) — 0. 

To prove the corollary, we recall the following: 

(a) The function TZ{x) is regular for a; > 1/2 and the meromorphic continua- 
tion of [C('S)]~^ to the half-plane 5R(s) > 1/2 is known to exist; 

(b) it is known 4, pp.185 ] that 

logC(a; + it) = log(s — p) + Oilogt) uniformly for — 1 < a; < 2, 

t-7|<l 

where 7 denotes the imaginary parts of nontrival zeros p. 

By the hypothesis of the corollary and (b), it is easy to show that there 
exists a constant A such that for each fixed a; > xq > 1/2, we have 

0{t^). (33) 



C,{x + it) 



If we regard x of the proposition as a complex variable, then since the integrand 
is seen as an analytic function of a complex variable x (note that if we change 
X to some another complex number then it only makes the absolute value sign 
of the integrand disappear; the integrand is written more generally as 



|C(a; + iy)\-\l - IC{x + iy))\Tix + iy)\' 

1 (l.lC(^ + ,y)) . I )^ 



C{x + iy)Cix-iy) T {x + iy)T {x - iy) ' 
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the integral can be seen as an analytic function of x and its analytic continuation 
beyond the line a; = 1 is conceivable, provided that the integrand is integrable 
on the real line in the sense of Lebesgue integration theory. 

Thence, by (a) and ([55)) we could extend the integral formula of the propo- 
sition to the half- plane Ka; > xq. 

Finally, as a; — > Xq , the integral on the right of the formula in the proposition 
necessarily tends to oo in magnitude provided 1 — /C(po) 7^ 0, while the left 
member of the same formula tends to a finite value. 

This completes the proof of the corollary. 

5 A proof of the Riemann hypothesis 

In this section, I give a sketch of what could be further done on the Riemann 
hypothesis with the integral formula of the proposition; we give a proof of 
Conjectured] 

Instead of choosing a = /3 = /i in Thcorcm[Xl consider choosing the following 
arithmetical function, for, say any real number Izj < 1 and a prime po) 



/i(n) : otherwise. 



The function /ip^ is readily seen as multiplicative. Hence, with the Euler product 
representation, we could write 



With this expression, it is easy to show (some details are described below for 
the sake of completeness) that we have for 2; > 1, 



27r^(2a;)7^(x; z) = / \Q{x + iy)\-^\l 



|-2|i 1 1-2 



x+iy I 

^0 (34) 
X |1 - - /C(x + zy- z))\T{x + iv)\''dy, 

Po 



where 



AP^ ^ (L + 1)2^ ' 



IC{x + iy; z) 



1- ' 



x+it 

Po 



2 l-£li±PP 



1 z 



■ exp(i?* [x + iy) - G{x + iy) - G{x — iy)) 



.1 1 ^ 
X expl — n — I 

Po Po 
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and 



E*{x + iy) :=-y y ^ ^. ^ . 

For completeness, we show here the detailed calculation for how the factor 
K{x + iy; z) in ([34]) came out. If we put 

Yi. + ^t) :.y^ 

then, the integrand is written as 

\ax + ^y)nl-^nl-^\'{^~ICix + ^y■z))\^ix + ^y)\^ 

Po Po 
= \Y{x + iy)\\l - K{x + ly- z))\T{x + iy)\'' 

At this point, if we recall how the equation in Proposition [Cl was deduced, then 
the second integral term on the right of (p4|) . which is 

\Y{x + it)\^K.{x + it; z)\T{x + it)\'^dt (35) 

should analogusly correspond to the second integral term on the right of the 
equation of Proposition [Cl which is 

|C(a; + it)\-^K:{x + it)\V{x + it)\'^dt. (36) 

But recall that this equation in turn corresponds to the series 

2-r(2x)f:M")E7T-^; 

n=l d\n I" + d) 

see l|32)) . Hence the integral in question (p5]) should correspond to the series 

oo ^ 

27rr(2a:)yMp„(n)y — — 

n=l d\n (," + 1) 

Now, using Lemma [BJ we have 

2.r(2.)E,,„(.)y^-^^ / E "-^t |r(. + .t)Pd. 

d\n [d+d) -^-oo^, " 



n=l din V" ^ "-"^ «=1 



Using the multiplicativity of the function (n) X^djn ^^'^ Euler-product 
representation, we have 



" p^p„ \ P / \ Pn / 
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Taking the logarithm of both sides, we have 



logV{x + it)^ logfl- 



r-jX-\-it 



log 1 - 



Z(l+p2''t) 



/ V pX-\-it 



2-^ 2-^ j^pn{x+it) 



Exponentiating back, we get, with ([50)) . 



\ P#Po / \ P/PO ^ 



X exp 



= 1- 



EE 

x+it 

Po 



(1 +p2«t)" 



np 



,n{x+it) 



^ pX+it ^ '^■'^P ^ pX—it ^ 



Po 



exp 



e^p h E E 



2it\n 



(1 + p^^') 



n>2 p#po 
„2it 



np 



;n{x+it) 



= (l - '^^^x+P ) exp(g*(x + »t))|C(a: + 



X exp(— G(a; + it) — G{x — it)) exp 
^lC{x + it;z)\Y{x + it)\'^ 



Po 



exp 



x — it 

Po 



as predicted. 

By ([M)) . we could, for instance, prove that the hypothesis of the corollary 
could not happen. (Hint: Vary z so that 1 — /C(po; z) ^ 0.) 
Moreover, if we write 



1 



lC(x + ii; z) 



Po 



1 2_ 



7C*(a; + i<) 
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then the integral function 

\C{x + iy)\-^\l 



x-\-iy I 

Po 



Pq 

\Cix + iy)\-^\l - ^ 



x-{-iy I 

Po 



Po Po 



\T{x + iy)\^dy 



of (IM)) is an analytic function of z in \z\ < 1, so that we could extend ([M)) to 
l^l > 1 by analytic continuation. Then for any sufficiently large \z\ {z real), the 
factor 

l-)C*{x + ^y){l ^^i^fg^)|l - = 1 + oil) as \z\ ^ oo 

Po Po 

is nonzero, and so the whole integrand is made nonnegative by making z suffi- 
ciently large. 

In this setting, the only task left for us towards the Riemann hypothesis is 
to find a way to analyze the situation in which there exist infinitely many zeros 
{Pm} in the neighborhood of the vertical line K(s) = 1 and supj{3?(/9„J} — 1 (or 
possibly for some other vertical line 5R(s) = a with a € (1/2, 1)). This problem 
may turn out to be not so hard. 

Write the integral on the right side of ([Ml) as 



oo 



2/ =E2 



Ti+Vi 



i=l 

where Ti are the imaginary parts of the zeros, and numbers e^, iji satisfy 

oo 

[0, oo) = y [Ti -ei,Ti + r]i]. 

Find a function F(x) which has zeros of appropriate order at appropriate real 
points 3?(/9mj ) so that we could take the following limit 



lim F{x) V / 



for some real part xq of the zeros of the Riemann zeta function. (By cancelling 
appropriate singularities, we are now handling max instead of sup.) But we 
could make up such a function quite easily (Hint; consider the product repre- 
sentation for Riemann's ^-function whose zeros correspond to nontrivial zeros 
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of the C" function). Multiplying both sides of by F{x) and taking the limit 
X ^ Xq , the left side takes a finite value while the right side diverges to oo in 
magnitude, a contradiction. 

This completes the proof of the Riemann hypothesis. 
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